We prove the first theorem on projections on general noncommutative L p -spaces associated with non-type I von Neumann algebras where 1 p < ∞. This is the first progress on this topic since the seminal work of Arazy and Friedman [Memoirs AMS 1992] where the problem of the description of contractively complemented subspaces of noncommutative L p -spaces is explicitly raised. We show that the range of a positive contractive projection on an arbitrary noncommutative L p -space is completely order and completely isometrically isomorphic to some kind of L p -JW-algebra. Our approach relies on non tracial Haagerup's noncommutative L p -spaces in an essential way, even in the case of a projection acting on a Schatten space and is unrelated to the methods of Arazy and Friedman but is linked to some unpublished joint paper of Raynaud and the author on 2-positive contractive projections.
Introduction
The study of projections and complemented subspaces has been at the heart of the study of Banach spaces since the inception of the field, see [Rand] and [Mos1] for surveys. Recall that a projection P on a Banach space X is a bounded operator P : X → X such that P 2 = P and that a complemented subspace Y of X is the range of a bounded linear projection P . If the projection is contractive, we say that Y is contractively complemented. Suppose 1 p < ∞. A classical result from seventies essentialy due to Ando [And] (see also [Dou] , [BeL] , [HoT] , [Ray2] , [See] [Rand, Theorem 4.10] and [AbA, Problem 5.4.1] .
It is natural to examine the case of noncommutative L p -spaces associated to von Neumann algebras. Schatten spaces are the most basic examples of noncommutative L p -spaces, these are the spaces S p of all operators x : ℓ 2 → ℓ 2 such that x p = Tr(|x| p ) 1 p is finite. It is known from a long time that the range of a contractive projection P : S p → S p on a Schatten space S p is not necessarily isometric to a Schatten space. It is a striking difference with the world of commutative L p -spaces of mesure spaces. Indeed, in their remarkable memoirs [ArF1] and [ArF2] , Arazy and Friedman have succeeded in establishing a complete classification of contractively complemented subspaces of S p . Building blocks of contractively complemented subspaces of S p are the so called Cartan factors.
The description of general contractively complemented subspaces of noncommutative L pspaces is an open problem raised explicitly in [ArF2, page 99] . If p = 1, Friedman and Russo [FrB] have given a description of the ranges of contractive projections on preduals (=noncom-mutative L 1 -spaces) of von Neumann algebras. Such a subspace is isometric to the predual of a JW * -triple, that is a weak* closed subspace of the space B(H, K) of bounded operators between Hilbert spaces H and K which is closed under the triple product xy * z + zy * x. Actually, the Friedman-Russo result is valid for projections acting on the predual of a JW * -triple, not just on the predual of a von Neumann algebra.
Since Pisier's work [Pis1] [Pis2], we can consider noncommutative L p -spaces and their complemented subspaces in the framework of operator spaces and completely bounded maps. Using Arazy-Friedman Theorem, Le Merdy, Ricard and Roydor [LRR, Th. 1 .1] characterized the completely 1-complemented subspaces of S p . They turn out to be the direct sums of spaces of the form S p (H, K), where H and K are Hilbert spaces. The strategy of their proof is to examine individually each case provided by Arazy-Friedman Theorem. See also [NO] , [NeR] for related results.
Our main result is the following theorem.
1. There is a projection s(P ) ∈ M , a von Neumann subalgebra N of s(P )M s(P ), a normal semifinite faithful weight ψ on s(P )M s(P ) and a normal positive faithful projection
It should also be noted that the use of non-tracial Haagerup's noncommutative L p -spaces is necessary for the case of tracial noncommutative L p -spaces. Finally, we refer to [PiX] and [HRS] for more information on the structure of noncommutative L p -spaces. Note the unpublished paper [ArR] contains a proof that the range of a 2-positive contractive projection
is completely order and completely isometrically isomorphic to some noncommutative L p -space L p (N ) (the paper [Arh1] annonced this result for completely contractive projections).
The paper is organized as follows. Section 2 gives a brief presentation of Haagerup noncommutative L p -spaces, followed by some preliminary well-known facts that are at the root of our results. Finally, the sequel contains a proof of Theorem 1.1.
Haagerup's noncommutative L p -spaces
The readers are referred to [ER] , [Pau] and [Pis1] for details on operator spaces and completely bounded maps and to the surveys [Kos1] , [PiX] , [Terp] and [Ray1] for noncommutative L p -spaces and references therein.
It is well-known by now that there are several equivalent constructions of noncommutative L p -spaces associated with a von Neumann algebra. In this paper, we will use Haagerup's noncommutative L p -spaces and M will denote a general von Neumann algebra acting on a Hilbert space H and we denote by s l (x) and s r (x) the left support and the right support of an operator x. If x is a positive operator then s l (x) = s r (x) is called the support of x and denoted by s(x).
If M is equipped with a normal semifinite faithful trace, then the topological * -algebra of all (unbounded) τ -measurable operators x affiliated with M is denoted by
In the sequel, we fix a normal semifinite faithful weight ϕ on M and σ ϕ = (σ ϕ t ) t∈R denote the one-parameter modular automorphisms group associated with ϕ [Tak2, page 92] .
For 1 p < ∞, the spaces L p (M ) are constructed as spaces of measurable operators relative not to M but to some semifinite bigger von Neumann algebra, namely, the crossed product M def = M ⋊ σ ϕ R of M by one of its modular automorphisms groups, that is, the von Neumann subalgebra of B(L 2 (R, H)) generated by the operators π(x) and λ s , where x ∈ M and s ∈ R defined by
For any s ∈ R, let W (s) be the unitary operator on L 2 (R, H) defined by
The dual actionσ :
Then, by [Haa4, Lemma 3.6] or [Tak2, page 259] , π(M ) is the fixed subalgebra of M under the family of automorphisms σ s :
We identify M with the subalgebra π(M ). If ψ is a normal semifinite weight on M , we denote by ψ the Takesaki's dual weight on the crossed product M, see the introduction of [Haa1] for a simple definition using the theory of operator valued weights. It satisfies the σ-invariance ψ • σ = ψ by [Terp, (10) . If ψ be a normal semifinite weight on M , we denote by h ψ the Radon-Nikodym derivative of the dual weight ψ with respect to τ given by [Str, Theorem 4.10] . By [Str, Corollary 4.8] , note that the relation of h ψ with the Radon-Nikodym cocycle of ψ is
By [Terp, Chap. II, Prop. 4] , the mapping ψ → h ψ gives a bijective correspondence between the set of all normal semifinite weights on M and the set of positive self-adjoint operators h affiliated with M satisfying
Moreover, by [Terp, Chap. II, Cor. 6] , ω belongs to M
One may extend by linearity the map ω → h ω to the whole of M * . The Haagerup space L 1 (M, ϕ) is defined as the set {h ω : ω ∈ M * }, i.e. the range of the previous map. This is a closed linear subspace of L 0 (M, τ ). By [Terp, Chap. II, Th. 7] , the mapping
is a linear order isomorphism which preserves the conjugation, the module, and the left and right actions of M . Then L 1 (M, ϕ) may be equipped with a continuous linear functional Tr :
associated with the normal faithful semifinite weight ϕ is defined [Terp, Chap. II, Def. 9] as the subset of the topological * -algebra L 0 (M, τ ) of all (unbounded) τ -measurable operators x affiliated with M satisfying for any s ∈ R the condition (2.9) 
isometrically coincides with Dixmier's classical tracial noncommutative L p -space, see [Terp, page 62] . It is essentially proved in [Terp, page 59 ] that L p (M, ϕ) is independent of ϕ up to an isometric isomorphism preserving the order and modular structure of L p (M, ϕ), as well as the external products and Mazur maps. In fact given two normal semifinite faithful weights ϕ 1 , ϕ 2 on M there is a * -isomorphism κ :
R preserving M , as well as the dual actions and pushing the trace on M 1 onto the trace on M 2 , that is
2 ) between the algebras of measurable operators, which restricts to isometric * -isomorphisms between the respective L p (M i , ϕ i ), preserving the M -bimodule structures. Moreover it turns out also that for every normal semifinite faithful weight ψ on M , the dual weightsψ i corresponds through κ, that isψ 2 •κ =ψ 1 . It follows that if ω ∈ M * the corresponding Radon-Nikodym derivatives must verify h ω,2 =κ(h ω,1 ). In particular if ω ∈ M + * , we have (2.11) Sinceκ preserves the p-powers operations, i.e.κ( 
If e belongs to the centralizer of ϕ, it is well-known that we can identify L p (eM e) with the subspace eL p (M )e of L p (M ). We refer to [GoL1, Lemma 4.3] and to [Wat1, page 508] for more details.
Let ϕ be a faithful normal semifinite weight on a von Neumann algebra M on a Hilbert space H. For each projection e in M ϕ , we define the reduced weight eϕe on eM e by (2.14) (eϕe)(exe) = ϕ(exe), x ∈ M.
From the KMS-condition, it is easy to see that σ eϕe = σ ϕ |eM e, and it follows that eM e ⋊ σ eϕe R is * -isomorphic to e(M ⋊ σ ϕ R)e. We will use the trace τ = τ ϕ and τ 1 = τ eϕe . However eϕe = τ e (h eϕe ·).
Hence τ 1 = eτ e from the uniqueness, since eτ e is clearly a normal semifinite faithful trace on eM e ⋊ σ eϕe R. For each operator a on L 2 (R, eH), we define an operator b on L 2 (R, H) by
Since the dual action of σ eϕe is the restriction of that of σ φ to q(M ⋊ σ ϕ R)e, it is not difficult to show that the mapping a → ebe gives an isomorphism between L p (eM e) and eL p (M )e as Banach spaces. Moreover, the traces coincide on L 1 (eM e). Let e ∈ M be a projection. Choosing with [Str, 10.10 
With (2.13), it is easy to check that e belongs to the centralizer of ϕ. We will use the following classical lemma. We add the uniqueness part in part 1.
Lemma 2.1 Let M be a (semifinite) von
Neumann algebra equipped with a faithful normal semifinite trace τ .
and xs(b) = x. Moreover, we have y ∞ 1. The second is an easy observation.
If a b in
L 0 (M, τ ) sa and if x ∈ L 0 (M, τ ) then x * ax x * bx.
Proof : 1. Suppose that M acts on a Hilbert H. If x satisfies the properties then x is obviously null on the subspace (1 − s(b))H. Moreover, the restriction of x on the subspace s(b)H is given by x|s(b)H = a

Lemma 2.2 Let M be a von Neumann algebra and 1 p < ∞. Let h be a positive element of
L p (M ).
The map s(h)M s(h)
→ L p (M ), x → h 1 2 xh 1 2 is injective. 2. Suppose 1 p < ∞. The subspace h 1 2 M h 1 2 is dense in s(h)L p (M )s(h) for the topology of L p (M ). Proof : 1) If h 1 2 xh 1 2
then s(h)xs(h) = 0 by using (2.2) twice. Since x ∈ s(h)M s(h), we conclude that x = s(h)xs(h) = 0.
2) Suppose that y ∈ L p * (M ) belongs to the annihilator h 
. We infer that s(h)ys(h) = 0. If z ∈ s(h)L p (M )s(h), we conclude that Tr(zy) = Tr(s(h)zs(h)y) = Tr(zs(h)ys(h)) = 0. We conclude that y belongs to the annihilator s(h)L
The following is a variant of [Sch, Lemma 2.2 (d)]. Our approach is probably more transparent. See [PeT1] and [Kos3, Prop. 3 .1] for related facts. 
Lemma 2.3 Let M be a von Neumann algebra. Suppose
Thus by uniqueness of y we getσ s (x) = x for every s ∈ R. That is x ∈ M by (2.4). Our main tool will be the following extension of [JRX, Theorem 3 .1] which is also essentially stated in [ArR] . The above lemmas allows us to remove some assumptions in [JRX, Theorem 3.1] . Since the proof of [JRX, Theorem 3 .1] contains some gaps and misleading points 2 , since this result is fundamental for the sequel and since [ArR] is not published, we give full details.
Theorem 2.4 Let M and N be von Neuman algebras. Suppose
1 p < ∞. Let T : L p (M ) → L p (N ) be a
positive linear map. Let h be a positive element of L p (M ). Then there exists a unique linear map v : M → s(T (h))N s(T (h)) such that
Moreover, this map v is unital, contractive, positive and normal.
Proof : We let e def = s(T (h)) be the support projection of the element T (h) of L p (N ). For any x ∈ M + , by [Dix, 1.6 .9], we have 0 x x ∞ . By the part 2 of Lemma 2.1, we infer that 0 h 
Moreover, we have 0 z(x) e. Note that z(1) = e since e = s((T (h))
2. The complete positivity is not proved (see [ArK] for a proof). The argument for the contractivity is ineffective.
and v(1) = e. Let us show that v : M + → (eN e) + is additive. For any x, y ∈ M + , we have
We conclude with Lemma 2.2 that v(x + y) = v(x) + v(y). Using [AlT, Lemma 1.26], we see that v extends uniquely to a real linear positive map v : M sa → (eN e) sa . We may extend it to a positive complex linear map from M into eN e by letting v(x + iy) = v(x) + iv(y). As a positive and unital map (v(1) = e) between C * -algebras, v is contractive by [Pau, Corollary 2.9 ]. The equation (2.16) follows by linearity from the case x 0.
The uniqueness of v is a consequence of part 1 of Lemma 2.2 applied with T (h) and N instead of h and M . Now, we prove that v is normal. Since 1 p < ∞, we may consider
We define the element k
If x ∈ M , we have
Therefore w extends to a contraction from
We conclude that w * = v. Hence v is normal.
Let M be a von Neumann algebra equipped with a normal faithful state ϕ. Let h ϕ the density operator associated with ϕ. If 1 p < ∞, note that by Lemma 2.2 (see also [JX, 
ϕ is a dense subspace of L p (M ). Suppose that N is another von Neumann algebra equipped with a normal faithful state ψ. Consider a unital positive map
By [HJX, Theorem 5 .1], the map T p above extends to a contractive map from
3 A local lifting of contractive positive projections
Consider a normal semifinite faithful weight χ on M such that s(h) belongs to the centralizer of χ and such that the reduced weight
is the canonical map. Note that this weight ψ h is a normal faithful state.
Note that the noncommutative 
we see that there exists a unique linear map
Morever, this map Q h is unital, contractive, normal and positive.
Lemma 3.1 The map Q
Proof : Recall that L p (M ) is uniformly convex by [PiX, Cor. 5 .2], hence strict convex by [Meg1, Prop. 5.2.6] . It is easy to deduce that the L p -norm is strictly monotone 3 . Now, we will show that if 0 k h and P (k) = 0 then k = 0. Indeed, from x ∞ h by [Dix, 1.6 .9] we see that h 
Lemma 3.2 The map Q
Using the uniqueness of Q h given by Theorem 2.4, we infer that Q 2 h = Q h , i.e. Q h is a projection. 
The equality (3.2) shows in particular the inclusion
Note that h p belongs to L 1 (M h ). By lemma 2.2, the subspace h
Hence, we can consider the restriction
). Now, we prove that Q h is ψ h -invariant. This property will allows us to extend Q h in a compatible way to all L q (M h ), 1 q ∞.
Lemma 3.3 We have
Proof : Let p * be the exponent conjugate to p. Consider first the case where 1 < p < ∞. Using the contractive dual map P * : L
Hence, by unicity of the norming functional of h (see [Meg1, Cor. 5.4 .3]) we obtain
In particular, for any x ∈ M h , we have
In the case p = 1, using the contractivity of P * : M → M , we note that by [Dix, 1.6.9] 0 P * (s(h))
Since ψ h is faithful on M h it results that s(h)P * (s(h))s(h) = s(h). If x ∈ L 1 (M ) we deduce that Tr s(h)P (s(h)xs(h))s(h) = Tr P (s(h)xs(h))s(h) = Tr s(h)xs(h)P
* (s(h)) (3.6)
= Tr xs(h)P * (s(h))s(h) = Tr xs(h) = Tr s(h)xs(h) .
If y ∈ M h we have h = h 1 ψ h Q h (y) .
Then we deduce that ψ h • Q h = ψ h . In the sequel, we will use the density operator h ψ h associated with ψ h . Using [HJX, (1.13 Hence, by density, we conclude that we have the following commutative diagram: 
s(h).
The following result is contained in [ArR] and is an easy exercise. 
